Let F be the commutator subgroup of F and let 0 0 be the cyclic group generated by the first generator of F. We continue the study of the central sequences of the factor L.F /, and we prove that the abelian von Neumann algebra L.0 0 / is a strongly singular MASA in L.F/. We also prove that the natural action of F on [0; 1] is ergodic and that its ratio set is {0} ∪ {2 k ; k ∈ Z}.
Introduction
Thompson's group F is a countable group with infinite conjugacy classes which has remarkable properties, discovered in 1965 and rediscovered later by homotopy theorists. It is known that F contains no non abelian free subgroup, and it is still unknown whether it is amenable or not. However, it shares many properties with amenable groups; for instance, it is inner amenable: see [6, 7] .
We recall the two most commonly known descriptions of F. On the one hand, as an abstract group, it has the following presentation: F = x 0 ; x 1 ; : : : | x −1 i x n x i = x n+1 ; 0 ≤ i < n :
On the other hand, it is the group of homeomorphisms of the interval [0; 1] that are piecewise linear, differentiable except at finitely many dyadic rational numbers and such that on intervals of differentiability the derivatives are integral powers of 2. To each of these descriptions corresponds a tool that we present below. We refer to [1, 2] for more details on Thompson's groups F, T and V , and for some results that will be c 2005 Australian Mathematical Society 1446-8107/05 $A2:00 + 0:00 used here. The first one is the existence of a unique normal form for every non trivial element of F; it is Corollary-Definition 2.7 of [2] . In [7] , we studied the von Neumann algebras associated with F and with some of its subgroups: we proved not only that the factor L.F/ is a McDuff factor (that is, that L.F/ is *-isomorphic to the tensor product factor L.F/ ⊗ R where R denotes the hyperfinite II 1 factor), but that the pair L.F / ⊂ L.F/ has the relative McDuff property: there is a *-isomorphism 8 :
In Section 2, we present further properties of central sequences of L.F / : on the one hand, we prove that there exists a sequence of unitary operators .u n / ⊂ L.F / such that .u n xu * n / is a central sequence for every x ∈ L.F /, and on the other hand, we show that L.F / is approximately normal in L.F/ in the sense of [3] .
Section 3 is devoted to the study of the von Neumann subalgebra L.0 0 / where 0 0 is the cyclic subgroup of F generated by the generator x 0 : L.0 0 / is a strongly singular MASA of L.F/ (see [8] ) and we show that its Pukanszky invariant is {∞}.
Finally, we prove in Section 4 that the natural action of F on [0; 1] is ergodic and we show that its ratio set is {0} ∪ {2 k ; k ∈ Z}.
Notation For g ∈ F viewed as a homeomorphism of [0; 1], we denote by S.g/ the set of numbers t ∈ [0; 1] such that g.t/ = t. We will use the following properties which are very easy to prove: 
The subfactor L(F ) of L(F)
Let F denote the commutator subgroup of F as in the preceding section. It is known that it is a simple group, and it is the subgroup of F of elements that coincide with the identity in neighbourhoods of 0 and 1. Our first result states that L.F / is inner asymptotically commutative in the sense of [10] .
We don't know if L.F/ itself is inner asymptotically commutative. The proof rests on the following lemma of Zeller-Meyer: LEMMA 2.2. Let G be an icc group. If there exists an increasing sequence .E n / of subsets of G and a sequence .g n / of elements of G such that E n = G and g n gg
n for all g; h ∈ E n and for every n, then the factor L.G/ is inner asymptotically commutative.
so that E n ⊂ E n+1 and n E n = F . Fix n ≥ 1 and consider the following dyadic partitions of [0; 1]:
so that b 3 is the mean value of 1 − 1=2 n and 1 − 1=2 n+1 . By Lemma 1.2, one can find g n ∈ F such that g n .a i / = b i for i = 0; : : : ; 5 and that g n .t/ = t for t ∈ [0;
Finally, if x; y ∈ E n , Property (S3) of Section 1 gives
and as S.y/ ⊂ .a 2 ; a 3 /, Property (S4) yields g n xg
Before stating the next proposition, let M be a type II 1 factor and let N be a
For future use, denote by Ì the set of sequences .g n / n≥1 ⊂ F such that, for every 
PROOF. Since h = ∈ F, its right derivative at 0 or its left derivative at 1 is equal to 2 k for some non zero integer k. Assume to begin with that there exist " > 0 and a positive
There exists g n ∈ F such that g n .t/ = t for t ∈ [0; a n ] ∪ [c n ; 1] and g n .b n / = b n .
Thus, setting g n = e for n ≤ l, we get that .g n / ∈ Ì . Finally, let us check that if
k+ p+1 ; 1=2 k+ p /, we get, on the one hand,
On the other hand, the same kind of argument using 3=2 m+3 ≤ " shows that
If h.t/ = 2 −k t near 0 with k > 0, then apply the above arguments to h −1 . Finally, if h.t/ = t near 0, we reduce to the above cases in using the order two automorphism Â of F defined by Â.g/.t/ = 1 − g.1 − t/: apply the above arguments to Â.h/ and take the sequence .Â .g n // ∈ Ì . This ends the proof of the lemma.
PROOF OF PROPOSITION 2.3. We only need to show that if x ∈ L.F/ is such that
Let h ∈ F \ F ; we will prove that x.h/ = 0. By the previous lemma, one can find a sequence .g n / ∈ Ì such that g n hg
converges. Hence one can find an integer l ≥ l such that |x.g n hg −1 n /| < "=2 for every n ≥ l . Then we have, for any n ≥ l ,
Thus x.h/ = 0.
A strongly singular MASA in L(F)
Let 0 be an icc countable group and let 0 0 be an abelian subgroup of 0. When 0 = F, 0 0 denotes exclusively the cyclic subgroup generated by x 0 ∈ F.
Recall from [8] that an abelian von Neumann subalgebra A of a type II 1 factor M is strongly singular if the following inequality is true for every unitary element u ∈ M:
where E B denotes the trace-preserving conditional expectation from M onto the von Neumann algebra B, and, for : M → M linear,
Observe that such an algebra is automatically a MASA of M. When M = L.0/ is a factor associated to an icc group 0 and A = L.0 0 / where 0 0 is an abelian subgroup of 0, [8, Lemma 4.1] gives a sufficient condition in order that A be a strongly singular MASA in M; we recall its statement for convenience. It turns out that the abelian subgroup 0 0 of F satisfies a stronger condition that will be also used to prove an ergodic property for the conditional expectation onto L.0 0 /. 
for all i; j , which gives the same conclusion.
Similarly, it is easy to see that if 0 is the free group F N of rank N ≥ 2 on free generators a 1 ; : : : ; a N and if 0 0 is the subgroup generated by some a i , then the pair .0 0 ; 0/ satisfies condition (ST). 
PROOF. The first assertion follows from Lemma 3.1. In order to prove the second one, fix x and y ∈ M such that {g ∈ 0; x.g/ = 0} and {g ∈ 0; y.g/ = 0} are finite. We will prove that there exists a finite subset E of 0 0 such that
for every g 0 ∈ 0 0 \ E. We write C = {g ∈ 0 \ 0 0 ; x.g/ = 0} and D = {g ∈ 0 \ 0 0 ; y.g/ = 0}, which are finite sets, and we decompose x and y as x = E A .x/ + x and y = E A .y/ + y so that x = g∈C x.g/½.g/ and y = g∈D y.g/½.g/ are orthogonal to A. It is easy to see that condition (ST) implies the existence of a finite subset E of 0 0 such that g 0 Cg
.y * // = 0 by orthogonality, and
x.h/y.k/½.hg 
Then the Pukanszky invariant of the pair A ⊂ M is the set {n 1 ; n 2 ; : : :}.
Let us recall [9, Proposition 3.6] which gives a way to compute Pukanszky invariant for pairs L.0 0 / ⊂ L.0/ as above. k .g / = g , but this would imply that g = e, hence that g ∈ 0 0 , but this is a contradiction.
Finally, set, for every integer n > 0 : g n = x 1 · · · x n . Then it is easy to see that the double classes 0 0 g n 0 0 are pairwise distinct.
The natural action of F and the associated Krieger factor
Let 0 be a group acting (on the left) in a measure class preserving way on a standard probability space . ; ¼/. Recall that the full group [0] of the action of 0 on is the group of all automorphisms T of such that T ! ∈ 0! for ¼-a.e. ! ∈ . We also set
which is the subgroup of elements of [0] that preserve ¼. The ratio set of the action of 0 on is the set r .0/ of all numbers ½ ≥ 0 such that, for every " > 0 and for every Borel subset A with positive measure, there exists a subset B of A with positive measure and g ∈ 0 such that g B ⊂ A and Let K be the following group of bijections of [0; 1] : a bijection ' from [0; 1] to itself belongs to K if and only if there exists a partition 0 < a 1 < · · · < a n < 1 of [0; 1] into dyadic rational numbers such that (K1) '.t/ = t for every t ∈ [0; a 1 / ∪ [a n ; 1]; (K2) for every 1 ≤ j ≤ n − 1, there exists a dyadic rational number Þ j such that '.t/ = t + Þ j for every t ∈ [a j ; a j+1 /. PROOF. It suffices to prove that, if a; b and Þ are rational dyadic numbers such that 0 < a < b < 1 and 0 < a + Þ < b + Þ < 1, then there exists f ∈ F such that f .t/ = t + Þ for every a ≤ t < b. We apply Lemma 1. REMARK. In fact, condition (K1) shows that K is a subgroup of the full group of the commutator subgroup F . Hence the latter acts ergodically on [0; 1] as well, and it has the same ratio set as F. However, it gives the same equivalence relation on [0; 1], and thus the same factor M.R F /.
